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SECTION 1

Neuber’s procedure of fictitious 
notch rounding and recent 

developments



Neuber’s notch stress theory, starting situation

Situation in 1930 with regard to leight-weight designs:
• Problems with stress concentration in fatigue 

Experimental methods:
• Brittle surface coatings (Maybach Comp. 1926)
• Photo-elastic models (Coker and Filon, 1931)

Theoretical solutions:
• Circular hole in tensile loaded infinite plate (Kirsch, 1898)
• Pointed wedge subjected to splitting force (Wieghardt 1907)
• Spherical hole in tensile loaded infinite body (Leon 1908)
• Elliptical hole in tensile loaded infinite plate (Inglis 1913)

Neuber’s ’Three Function Approach’ (1934) allowed application-
relevant closed-form solutions for engineers:

• Neuber’s book ’Theory of Notch Stresses’ (1937)



Neuber’s procedure of fictitious notch rounding

rf = r + sr*

The averaged notch stresses s at the real notch with radius r
can directly be determined without an averaging procedure by
analysing a substitute notch with fictitiously enlarged notch
radius rf :



Neuber’s notch stress theory, contents and results

Available notch stress field solutions:
• In-plane and bending loaded plates, prismatic and round bodies
• Elliptic, parabolic, hyperbolic and circular notch shapes
• Pointed, sharp and mild notches
• Tensile and transverse shear forces, bending and torsional 

moments 

Stress concentration factors evaluated dependent on:
• Notch acuity (t /r)1/2 or (a /r)1/2

• Notch opening angle 2a
• Notch depth to cross-section width ratio t /a
• Microsupport length r*

• Nonlinear stress-strain curve

Closed-form expressions and graphical aids for SCFs.



Neuber’s concept of microsupport 

The SCF under linear-elastic conditions rises with 1/r 1/2 resulting in 
infinitely high notch stresses at pointed notch tips. 

The considerable failure strength of such notches indicates (elastic) 
microsupport in cases of brittle fracture behaviour (inclusive of high-
cycle fatigue) and (plastic) macrosupport in cases of ductile fracture 
behaviour.

Neuber’s microsupport hypothesis considers stresses s at the notch 
tip as failure-relevant which are averaged in the direction of crack 
propagation over a material-dependent particle size:

• Microsupport length r* ≈ 0.1 mm for steels and aluminium alloys

The particle size being small, the original notch stress field remains 
unchanged outside the averaging area at the notch tip. 

The microsupport hypothesis also explains the geometrical size effect 
on the global strength of notched members.



Neuber’s concept of microsupport



The Frost-Miller diagram
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Neuber’s procedure of fictitious notch rounding

rf = r + sr*
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Criteria

Criteria: nominal stresses, hot-spot stresses, MFLE.

Among the local criteria:
Radaj (1969, 1990), ‘Notch rounding approach, 
IIW (2007) e FKM (2003).

rf = r + s r* =1.0 mm

(real radius r =0, microstructural support length 
r*=0.4 mm ‘cast iron’, multiaxiality factor s = 2.5). 

Lower values of r* suggested for thin welded joints



Local criterion

Thin welded joints. Criterion based on a ‘Substitute notch 
radius,  rs=0.05 mm

Eibl, M., Sonsino, C.M., Kaufmann, H. and Zhang, G. 
(2003) Int J Fatigue 25.
Karakas Ö., Morghenstern C., Sonsino C. M. (2008)
Int J Fatigue 30, 2210-2219.

 t         d        t   

L > 100 d   

t=1   

F  t 
O 

  
F    

r  

O  
x 

y 

Slit r0 mm 

R0



Notch rounding approach and  SED approach

Comparison between the two criteria

Radaj D., Berto F., Lazzarin P. (2009). Engng Fract Mech.
Radaj D., Lazzarin P., Berto F. (2009). Int J Fatigue.

A local approach for the fatigue assessment of 
welded joints with potential to substitute the IIW 
notch rounding procedure is the strain energy 
density (SED) concept



IIW RECOMMENDATIONS FOR FATIGUE DESIGN OF 
WELDEDJOINTS AND COMPONENTS

rf=1 mm indipendent of the notch opening angle

“s” is referred to the case of normal stress (under plane stress)

rf = r + s r* =1.0 mm s=2.5, r  0, r* = 0.4 mm



Fictitious notch rounding concept for welded joints

Fictitious notch rounding simulating stress averaging over r* in the 
direction of crack propagation has successfully been applied to the 
fatigue assessment of welded joints (Radaj 1969, 1975, 1990).

Within a worst case consideration, the parameter values:

• r = 0 (worst case), r* ≈ 0.4 mm (welded steel), s ≈ 2.5

This very rough estimate is applied to the cross-sectional model of 
welded joints in the form of a blunt circular notch at the weld toe and 
a keyhole at the weld root.

The SCFs at these notches are considered as theoretical fatigue notch 
factors characterising the endurance limit of the joints.

result in the fictitious notch radius:
• rf = r + sr* = 1 mm



Radaj e Vorwald 2007
Ermüdungsfestigkeit

s valid for the case 2a=0°
(plane stress o plane strain)???

s under torsion s=0.5 o 1.0 ???



Neuber’s procedure of fictitious notch rounding

The support factor s depends on:
• Loading modes 1, 2, 3 and mixed mode
• Multiaxiality condition (plane stress, plane strain, pure shear)
• Strength criterion (Rankine, Beltrami, von Mises)
• V-notch opening angle
• V-notch shape (blunt hyperbolic, root hole, blunt circular)

There should be no dependency on r and r*, but this is not always true. 

Expression for finding the relationship between real and fictitious notch 
radius by functional analysis (Neuber 1937):

)0,(),( *
f

*  rrsrrs

*
f /)( rrr s



Support factor dependent on notch opening angle

Neuber’s values s = 2.0-3.0 for mode 1 and s = 
1.0 for mode 3, recommended for application, are 
plateau values for 2a = 0 (parabolic notch).

Support factor s is dependent on V-notch opening angle 2a
for loading modes 1, 2, 3, different multiaxiality conditions 
and strength criteria:

• Plateau values s for r > r* (Berto et al. 2009)
• Base point values s0 for r = 0 (Neuber 1937)
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STEPS FOR THE APPLICATION OF THE FNR 
APPROACH
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Choice of the fracture criterion (normal stress, von Mises, Beltrami) and
Write the equivalent stress accordingly to the selected criterion s (or t) 
along the bisector line by means of the expressions valid for V-notches

STEP 1

STEP 2
Determine the effective stress as a function of r and r*

STEP 3

Solve the limit ss r 0*f lim)max(ρ



STEP 5
Determine rf (r,r*):

Evaluation of  s:

STEP 6

s=(rf r)/r*

ρ)*,(ρfρf 

STEP 4Solve the equation:

ρ)*,(ρ)max(ρf ss



EXAMPLE

Beltrami criterion, plane strain (with Poisson’s ratio )

Caso 2a=135°:
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Neuber Filippi, Lazzarin and Tovo 

2a 
Normal 
stress 

Normal 
stress 

von Mises 
plane stress 

von Mises 
plane strain 

Beltrami 
plane stress 

Beltrami 
plane strain 

0° 2.00 2.00 2.50 2.90 2.30 2.42 
60° 2.36 2.41 2.90 3.33 2.72 2.85 
90° 2.72 2.81 3.37 3.80 3.14 3.28 
120° 3.47 3.67 4.32 4.84 4.06 4.24 
135° 4.21 4.56 5.33 5.94 5.02 5.22 
150° 5.73 6.38 7.41 8.20 6.99 7.25 

rf = 2.50x0.4=1 mm
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VALUES OF  “s” FOR DIFFERENT NOTCH ANGLES
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2a 
V-notch 

with end hole 

Blunt 

V-notch 

0° 2.25 2.00 

60° 2.49 2.41 

90° 3.13 2.81 

120° 5.42 3.67 

135° 9.64 4.56 

2a
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Comparison between V-notch with end holes and blunt
notches: s values



- a = 5 mm
- a = 10 mm
- a = 25 mm
- a = 50 mm

- 2a = 0°
- 2a = 30°
- 2a = 45°
- 2a = 60°

- r* = 0.05 mm
- r* = 0.1 mm
- r* = 0.2 mm
- r* = 0.3 mm
- r* = 0.4 mm
- r* = 0.5 mm

ρf= ρ+sρ*

Pure mode II loading



Different Methods for the evaluation of s under 
pure mode 2 loading

-Method 1: direct comparison between the mean stress obtained by a sharp V-
notch along the direction of provisional crack propagation (Sih, Erdogan-Sih) and the
maximum stress along the edge of the notch with radius rf (normal stress, von
Mises, Beltrami, plane stress e plane strain)

-Method 2: Neuber’s approach, by using the analytical frame for notches with “end
holes at the tip” and evaluation of the fictitious notch radius (normal stress only)

- Method 3: Numerical method (trial and error) considering a sharp V-notch and a
round notch with an end hole.

r f = r + s r *

r = 0



Method 1
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Method 1: direct comparison between the mean stress obtained by a
sharp V-notch along the direction of provisional crack propagation (Sih,
Erdogan-Sih) and the maximum stress along the edge of the notch with
radius rf (normal stress, von Mises, Beltrami, plane stress e plane
strain)



Notch (end-hole at the tip)
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Method 2
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Method 2: Neuber’s approach, by using the analytical frame for notches 
with “end holes at the tip” and evaluation of the fictitious notch radius 
(normal stress only)



Method 3

Method 3: Numerical approach
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Multiaxiality factor s

MTS 
(plane stress and plane strain)

Method 3Method 2Method 12a

3.133.063.060°

6.356.406.3430°

11.9011.9711.8745°

33.0033.4533.0360°

Normal stress (Rankine) MTS and MSED

MSED
(plane strain)

MSED
(plane stress)

Method 1Method 1

2.993.03

6.126.15

11.3111.32

31.2931.00

2a

0°

30°

45°

60°

2a
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y
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Comparison between  s for notches 
with end-hole and  blunt notches

2a

rf =sr*

smax(rf)= s

Berto, Lazzarin (2010) Berto, Lazzarin, Radaj 2012

MTS 
(plane stress and plane strain)

Method 3Method 2Method 12a

3.133.063.060°

6.356.406.3430°

11.9011.9711.8745°

33.0033.4533.0360°

MSED
(plane strain)

MSED
(plane strain)

MTS

Method 3Method 3Method 3

2.452.462.47

3.853.904.00

5.405.595.90

9.4610.0010.90

2a

0°

30°

45°

60°



Factor s

Beltrami
plane strain

Beltrami
plane stress

von Mises
plane strain

von Mises
plane stress

Normal stress2a

3.373.063.883.063.060°

5.835.445.935.056.3430°

9.629.029.277.6011.8745°

22.4321.0320.4417.7533.0360°

Factor s

Beltrami
plane strain

Beltrami
plane stress

von Mises
plane strain

von Mises
plane stress

Normal stress
Plane strain

Normal Stress
Plane stress

2a

3.603.174.753.312.993.030°

6.756.018.105.976.126.1530°

11.8910.5413.8710.1911.3111.3245°

30.7926.8235.6125.1731.2931.0060°

Multiaxiality factor under PURE MODE 2
MTS

MSED



Application of the FNR approach
under pure mode 2 loading
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Notch depth   a=10 mm  a=50 mm 

 r* rf [mm]   Kt(rf) tK   %  Kt(rf) tK   % 
2a=0° 0.05 0.153   22.97 23.07 -0.45  50.50 50.27 0.46 
s=3.06 0.10 0.306   16.40 16.31 0.52  35.77 35.54 0.63 

 0.20 0.612   11.80 11.54 2.23  25.34 25.13 0.82 
 0.30 0.918   9.82 9.42 4.12  20.74 20.52 1.05 
 0.40 1.224   8.68 8.16 6.07  18.00 17.77 1.27 

2a=30° 0.05 0.32   14.67 14.63 0.25  27.05 27.09 -0.15 
s=6.40 0.10 0.64   11.14 11.07 0.58  20.48 20.50 -0.11 

 0.20 1.28   8.50 8.38 1.43  15.49 15.52 -0.17 
 0.30 1.92   7.32 7.12 2.77  13.15 13.18 -0.25 
 0.40 2.56   6.64 6.34 4.40  11.70 11.74 -0.36 

2a=45° 0.05 0.60   10.76 10.80 -0.36  17.96 18.02 -0.32 

s=11.97 0.10 1.20   8.50 8.53 -0.37  14.17 14.23 -0.45 

 0.20 2.39   6.75 6.74 0.15  11.15 11.25 -0.85 

 0.30 3.59   5.97 5.87 1.62  9.68 9.80 -1.25 

 0.40 4.79   5.53 5.32 3.64  8.74 8.88 -1.69 

2a=60° 0.05 1.67   7.39 7.45 -0.79  11.02 11.02 0.03 
s=33.45 0.10 3.35   6.08 6.18 -1.69  9.09 9.14 -0.55 

 0.20 6.69   5.13 5.13 -0.06  7.43 7.59 -2.11 
 0.30 10.04   / / /  6.53 6.80 -4.15 
 0.40 13.38   / / /  5.91 6.30 -6.46 

 

FNR results according to the normal stress failure criterion combined with the MTS
criterion for b; different values of r* and notch depth a; in-plane-shear loading.

Application of the FNR approach under pure mode 2 loading



 2a=0°  2a=30° 

r* = 0.2 mm s rf=sr* Kt(rf)  tK    %  s rf=sr* Kt(rf)  tK    % 
vM, ps 3.06 0.612 25.60 25.14 1.80  5.05 1.010 16.97 17.00 -0.21 
vM, pn 3.88 0.776 22.75 22.35 1.76  5.93 1.186 15.92 15.95 -0.19 
B, ps 3.06 0.612 25.60 25.14 1.80  5.44 1.088 16.46 16.51 -0.30 
B, pn 3.37 0.674 24.39 23.98 1.68  5.83 1.166 16.03 16.05 -0.13 

 2a=45°  2a=60° 

r* = 0.2 mm s rf=sr* Kt(rf)  tK    %  s rf=sr* Kt(rf)  tK    % 
vM, ps 7.60 1.520 13.02 12.84 1.38  17.75 3.550 8.90 8.97 -0.81 
vM, pn 9.27 1.854 12.16 12.23 -0.58  20.44 4.088 8.55 8.64 -1.07 
B, ps 9.02 1.804 12.26 12.35 -0.73  21.03 4.206 8.48 8.57 -1.07 
B, pn 9.62 1.924 12.00 12.08 -0.67  22.43 4.486 8.32 8.42 -1.15 

 

FNR concept combined with the MTS criterion applied with different failure criteria; 
r*=0.2 mm, a=50 mm and w=50 mm; in-plane shear loading. Abbreviations: vM von 
Mises criterion, B Beltrami criterion, ps plane stress, pn plane strain. 

Application of the FNR approach under pure mode 2 loading



  2a=0°  2a=30° 

r* = 0.2 mm s rf =sr* Kt(rf) tK    %  s rf =sr* Kt(rf) tK    % 

NS, ps 3.03 0.606 25.71 25.25 1.79  6.15 1.230 15.68 15.72 -0.26 
NS, pn 2.99 0.598 25.88 25.31 2.20  6.12 1.224 15.70 15.74 -0.26 
vM, ps 3.31 0.662 24.61 24.17 1.79  5.97 1.194 15.86 15.89 -0.19 
vM, pn 4.75 0.950 20.59 20.17 2.04  8.10 1.620 14.04 14.07 -0.21 
B, ps 3.17 0.634 25.14 24.70 1.75  6.01 1.202 15.81 15.85 -0.25 
B, pn 3.60 0.720 23.61 23.19 1.78  6.75 1.350 15.10 15.13 -0.20 

  2a=45°  2a=60° 

r* = 0.2 mm s rf =sr* Kt(rf) tK    %  s rf =sr* Kt(rf) tK    % 

NS, ps 11.32 2.264 11.35 11.43 -0.71  31.00 6.200 7.56 7.71 -1.92 
NS, pn 11.31 2.262 11.35 11.43 -0.71  31.29 6.258 7.54 7.70 -2.07 
vM, ps 10.19 2.038 11.77 11.84 -0.60  25.17 5.034 8.04 8.16 -1.51 
vM, pn 13.87 2.774 10.57 10.66 -0.85  35.61 7.122 7.25 7.44 -2.56 
B, ps 10.54 2.108 11.63 11.71 -0.69  26.82 5.364 7.89 8.02 -1.59 
B, pn 11.89 2.378 11.16 11.24 -0.72  30.79 6.158 7.58 7.73 -1.98 

 

FNR concept combined with the MSED criterion applied to different failure criteria;
r*=0.2 mm, a=50 mm and W=50 mm;
In-plane shear loading. Abbreviations: NS normal stress criterion, vM von Mises
criterion, B Beltrami criterion, ps plane stress, pn plane strain

Application of the FNR approach under pure mode 2 loading



Theory of Critical Distance
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Volume method S. Sheppard

Sheppard, S. D. (1991) Field effects in
fatigue crack initiation:long life fatigue
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A semi-circular sector of radius M
(then restricted to the inscribed
triangle) was used, for example, by
Sheppard who quantified the stress
state near a notch by means of a single
parameter, the average value of the
principal stress







Point Method

Line Method

Area Method



Brittle Failure by TCD

L. Susmel, D. Taylor, Engineering Fracture Mechanics 75 (2008) 534–550







Section 2:

Notch Stress Intensity Factors 
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Geometry of the notched specimens:
a)  V-shaped notch in a cylindrical bar (CNB), 
b)  double lateral notch in a flat plate (DENP), 
c)  hole in a flat plate (CNP).



Materials Refs sy s0 a0 Kth R 
  (MPa) (MPa) (m) (MPam0.5)  

Annealed 0.45 carbon steel [20] 364 582 61 a 8.1 a -1 
Annealed 0.36 carbon steel [20] / 446 a 92 a 7.6 a -1 
SAE 1045 steel [6] 466 448 76 6.9 0 
SAE 1045 steel [6] 466 606 70 9.0 -1 
2024-T351 Al alloy [6] 360 172 172 b 4.0 0 
2024-T351 Al alloy [6] 360 248 100 b 4.4 -1 
G40.11 steel [6] 376 540 144 11.5 -1 
SM41B steel [13,21,22] 194 326 457 12.36 -1 
 [13,21,22] 194 274 296 8.36 0 
 [13,21,22] 194 244 218 6.38 0.4 
Mild steel (0.15% C) [23,18] 340 420 296 12.8 -1 
NiCr steel [24,18] 834 1000 52 12.8 -1 
2.25Cr-1Mo steel [25] 380 440 237 12.0 -1 
304 stainless steel [13,18] 222 720 88 12.0 -1 
 

Materials parameters
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NOTCH STRESS DISTRIBUTIONS 
For the linear elastic analysis of plane cases, conventional
approaches have been soundly established since Kolosov-
Muskhelishvili (1909, 1953) and Neuber (1958), who
used complex potential functions and bi-harmonic
potential functions, respectively.

As far as sharp notches are concerned, main contributions have
been the crack solution due to Westergaard (1939) and
Irwin (1957) and the sharp V-shaped notch solution due
to Williams (1952).

Blunt cracks, i.e. slim parabolic notches, have been dealt with by
Creager and Paris (1967), and then by Glinka (1985), who
was able to give a closed-form expression to the generalised
stress intensity factors in Creager-Paris’ equations. In the close
neighbourhood of the notch tip, where stress distributions mainly
depend on the notch tip radius, such equations continue to be a
very powerful tool.
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 coefficients a, b, c and d are complex,
 exponents  and  are real, with  > 0 and  >  .
When c and d are null, the approach matches Williams’ solution
(Williams, 1952, Carpenter, 1984).
Then, the general expressions of stress components turn out to be:
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COMPLEX POTENTIAL FUNCTIONS
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Conditions on the free edge, far away from the notch
tip, lead to the following equations for

(Mode I)    0qsinqsin 11 

    0qsinqsin 22  (Mode II)

In general, Eqs. give n-solutions or eigenvalues.

The problem being linear, the general solution can be
given as a linear combination of all particular
solutions (Williams, 1957, Carpenter 1984, 1985).

However, the state of stress and displacement near
the corner is dominated by the first eigenvector so
that only the eigenvalue with the lowest modulus
have been considered in our analyses.



Stresses due to Mode I loading
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Stresses due to Mode II loading
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Characteristic parameters for mode I loading.

2a   b c d 

0 0.5 -0.5 1 4 0 

/4 0.5050 -0.4319 1.1656 3.5721 0.0828 

/3 0.5122 -0.4057 1.3123 3.2832 0.0960 

/2 0.5448 -0.3449 1.8414 2.5057 0.1046 

/3 0.6157 -0.2678 3.0027 1.5150 0.0871 

3/4 0.6736 -0.2198 4.1530 0.9933 0.0673 

5/6 0.7520 -0.1624 6.3617 0.5137 0.0413 

2a   b c d 

0 0.5 -0.5 1 -12 0 

/4 0.6597 -0.4118 0.8140 -10.1876 -0.4510 

/3 0.7309 -0.3731 0.6584 -8.3946 -0.4788 

/2 0.9085 -0.2882 0.2189 -2.9382 -0.2436 
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 Characteristic parameters for mode II loading.
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Evaluation of constant a1
Relationship between constant a1 and the maximum stress at the tip:
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Smith and Miller (1978) were able to demonstrate that all notches with Kt
greater than Kt* behave identically and can be treated like cracks of the
same depth. Under such conditions the choice more convenient is to define
KI on the basis of the stress term with exponent .

   111b11I a112K 

where the constant a1 has to be determined at a convenient distance from
the notch tip, where the stress fields of the rounded and sharp notch
practically coincide

The stress field in the neighbourhood of the notch tip can be expressed as
a function of a stress field parameter, mode I N-SIF. Its definition is
consistent with the usual Stress Intensity Factor definition if the notch
radius and opening angle are both null.
Gross and Mendelsson (1972) definition:
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Section 3:

Strain Energy Density



STRAIN ENERGY DENSITY
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ADVANTAGES OF A LOCAL-ENERGY APPROACH 
BASED ON NSIFs

• Permits consideration of the scale effect.

• Permits consideration of the contribution of different
Modes.

• Permits consideration of the cycle nominal load ratio.

• Overcomes the complex problem tied to the different NSIF
units of measure in the case of crack initiation at the toe
(2a=135°) or root (2a=0°).

• Overcomes the problem of multiple crack initiation and
their interaction.

• SED can be evaluated with coarse meshes

• It directly takes into account the T-stress

• It directly includes three-dimensional effects



SHARP NOTCHES AND THE SED APPROACH
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Since the integration field is symmetric with respect to the notch 
bisector the contribution of W12=0
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R0: control volume radius

e1,2: shape functions, which depend on the  notch angle and Poisson’s ratio
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BLUNT NOTCHES AND THE SED APPROACH UNDER MODE  I  
LOADING

The criterion based on the local energy and valid for brittle or quasi-
brittle material considers that the strain energy averaged over a 
control volume is critical for notched components
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SHAPE OF THE VOLUME

The SED contour lines are parallel to the volume perimeter
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BLUNT NOTCHES AND THE SED APPROACH:
MODE I AND U NOTCHES
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The strain energy density averaged over the control volume can be evaluated 
as a function of the peak stress:
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MIXED MODE: BLUNT NOTCHES
It is possible in the presence of mode II to express the mode I
stress intensity factor as a function of the stress at the notch tip,
s

*. In this case the stress along the bisector line is no longer the
maximum stress:
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EXTENSION OF THE SED APPROACH TO MIXED MODE:
AN EQUATION FOR U NOTCHES
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CONTROL VOLUME DEFINITION UNDER STATIC 
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THE INFLUENCE OF POISSON’S RATIO
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Synthesis of 210 new data from notched specimens under torsion

NOTCHED SAMPLES UNDER STATIC LOADING



STRAIN ENERGY DENSITY AT THE NOTCH TIP
FATIGUE
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